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Restriction semigroups

“restriction” (formerly “weakly E-ample”) semigroup:
non-regular generalisation of inverse semigroup

Zx — semigroup of all partial 1-1 transformations on X
—1 — unary operation

induced unary operations:

def def
at = *

1doma and o = 1im,

every idempotent is of these forms

inverse semigroup ~ Wagner—Preston representation theorem
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Restriction semigroups

PT x — semigroup of all partial transformations on X
+ ion: o+ %
— unary operation: a™ = 1goma

not each idempotent is of this form

Definition

S =(S;-, ") is a left restriction semigroup
&Loosis isomorphic to a unary subsemigroup of

PTx=(PTx;-,")
LL Sisa unary semigroup satisfying the identities
xTx = x, xtyt = ytxt,
(XTy)T=xTyt, xyT=(xy)x
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Restriction semigroups

Dual of a left restriction semigroup:
S =(S;-,*)— right restriction semigroup

Note: (PT x;-,*) where * is defined by o* M ima

is not a right restriction semigroup

Definition

S=(S;-,7,*)is arestriction semigroup
&L (S;.*) is left restriction,

(S;-,*) is right restriction, and
E={a":aeS}={a":ac S}

last property <= S satisfies the identities

(x")*=xT and (x*)" =x*
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Restriction semigroups

E forms a semilattice where et = e* = e (e € E)

E — semiilattice of projections of S

< — natural partial order on S:
a<b &L a=ebforsomeec E(abes)
a<b <L a= peforsomeeec E(a,beS)
compatible with all three operations
o — least congruence on S where E is within a class
= least equivalence containing <
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Restriction semigroups

Examples

Reduct of an inverse semigroup S:

S=(S;-,*,*)where at L aa ', a* ¥ ala(acs)

Semilattice Y (as a restriction semigroup):

Y =(Y;-,*,*)) where a*, a* &ef alae M)

Monoid T (as a restriction semigroup):
T=(T;-,*,*) where tt, t* &I (teT)

Y — “semilattice”
T — “monoid”, or “reduced restriction monoid”

S/o is reduced
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Free restriction semigroups

FG(Q2) — free group on Q
X — finite connected subgraphs of the Cayley graph of FG(Q)
Y — finite connected subgraphs containing the vertex 1

FZ(Q) &ef P(FG(Q2),X,Y) is a free inverse semigroup on Q2

Fountain, Gomes, Gould (2009)

The restriction subsemigroup

FR(Q) & {(A u) € FI(Q) : u € Q*}

of FZ(Q) is a free restriction semigroup on Q.
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Free restriction semigroups

the Cayley graph of FG(Q) is a tree = X is a semilattice:
X N'Y — least (finite) connected subgraph containing
Xand Y (X,Y € X)

FZ(Q) is an inverse subsemigroup in X x FG(Q)
FR(R) is a restriction subsemigroup in X x FG(Q)

Notice:
Q* acts on X by automorphisms, and
{(X,u) e X x FG(Q) : ue Q*}
— is a “semidirect product” of X by Q*, and
— is a restriction subsemigroup of X x FG(Q)
contaning FR(Q)
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Semidirect product of semilattice by a monoid

Y — semilattice
T — monoid
T acts on Y on the left by automorphisms:

a—'a(acyY,teT)

Definition

Y% TE Yy x T with operations

(a t)(b,u) £ (an b, tu)

(a,t)y" € (a1) and (at) < (a1)

Note: if T is a subsemigroup in a group G and so we can use
t=1 within G then the rule for * is also of the usual form:

(a,t)* = ("a1)
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Semidirect product of semilattice by a monoid

Q@ E(YxT)=Yx{1}2Y

© o of Y x T is the congruence induced by the second
projection, and so (Y x T)/o = T

Q@ Y xTisamonoidiffY is (ie., Y = Y1)

Q@ YxTgivesrisetoY' xTst YXT<Y'xT

semidirect product of a semilattice by a group
— fundamental role in the structure theory of inverse
semigroups
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Inverse semigroups and semidirect products

; Chen, Hsieh (1974)
estar (1979 McAlister, Reilly (1977)
arroll (1976) [Lawson (1994)]
E-unitary o _, s.dirpr. of
inv.sgp. sl. with 1 by gp. [with-1]
id.sep. \any/ldsep
inv.sgp. ¢ , e factorisable [almost fact.

inv.mon. inv.sgp.]

Aim:
to generalise some of these results for restriction semigroups
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Proper restriction monoids

E-unitary inverse semigroup ~- proper restriction semigroup

S — restriction semigroup

S is proper
&L gt —ptandach imply a = b, and

a*=b*andacbimplya=b(a,bc S)

Y x T and its restriction subsemigroups are proper
in particular, FR(Q2) is proper

A\
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Proper restriction semigroups

Fountain, Gomes, Gould (2009)

If p C o then FR(Q)/p is proper, and each restriction
semigroup has such a proper cover for some Q and p.

S = FR(8)/po for some Q and pg
p = po o
CY FR(Q)/p

Note: C/o = Q*
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Factorisable restriction monoids

factorisable inverse monoid ~ factorisable restriction monoid

~+ one-sided factorisable restriction
monoid
~ “almost” ... restriction sgp.
Gomes, Sz. (2007)
S — restriction monoid
E — semilattice of projections of S

U {a€ S:a" = a* = 1} — greatest reduced restriction

submonoid in S
RY {acS:at =1}

Definition

@ Sisfactorisable <& S=EU(«> S= UE)
Q Sis left factorisable <% S=ER
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Embedding in “almost” left factorisable restriction

semigroups

Fountain, Gomes, Gould (2009) Gomes, Sz. (2007)

Sz. (2013, 2014)
3 proper . W-pr. of

restr.sgp. | * sl. by mon.
proj.sep. \any/pro;sep.
restr.sgp. ¢ _ o ‘almost” left fact.

restr.sgp.
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Embedding in factorisable restriction monoids

Main result

Fountain, Gomes, Gould (2009) Gomes, Sz. (2007)

Hartmann, Gould, Sz.

o Proper . semid.pr. of
restr.sgp. ~ | sl. with 1 by mon.

proj.sep. any/proj.sep.

. fact.
restr.mon.

restr.sgp. ec
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Embedding in factorisable restriction monoids

Each restriction semigroup has a proper cover embeddable in a
semidirect product of a semilattice by a monoid.

Theorem

Each restriction semigroup is embeddable in a factorisable
restriction monoid.

| \

N

Sketch of the proof:

S — restriction semigroup

C = FR(Q)/p — cover of S mentioned above, where
S=FR(Q2)/poand p=poNo
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Embedding in factorisable restriction monoids

FR(Q) < X1 x Q*
extend p from FR(Q) to &' x Q*, i.e.,

consider the congruence of X' x Q* generated by p, and
prove that its restriction to FR(£2) coincides with p

o in the one-sided case, the semilattice component
of the W-product was 27y

a crucial property of the action of Q* on X’:
for every reduced word #'t32 - - - t5" € FG(Q), where

ti,b,...,th € QT and €1, 65, . . ., € alternate between
1 and —1, the path from 1 to tf"tfjj Y

contains the vertex ¢ (1 < i < n)
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